THE PICARD GROUP OF THE MODULI SPACE OF r-SPIN 
RIEMANN SURFACES 



OSCAR RANDAL-WILLIAMS 



Abstract. We have recently proved a homological stability theorem for mod- 
uli spaces of r-Spin Riemann surfaces, which in particular implies a Madsen- 
Weiss theorem for these moduli spaces. This allows us to effectively study their 
stable cohomology, and to compute their stable rational cohomology and their 
integral Picard groups. Using these methods we give a complete description 
of their integral Picard groups for genus at least 9 in terms of geometrically 
defined generators, and determine the relations between them. 



1. Introduction 

Let M s be the moduli space of Riemann surfaces of genus g. This is the complex 
orbifold obtained from Teichmiiller space T g as the quotient by the action of the 
mapping class group T g := 7r (Diff + (E g )), the group of isotopy classes of diffco- 
morphisms of a standard smooth closed surface of genus g. As Teichmiiller space 
is contractible, the orbifold fundamental group of M g is T g . We wish to make a 
similar definition of the moduli space of r-Spin Riemann surfaces of genus <?, but we 
must be careful as there are competing definitions. We will give two, and discuss 
which is more correct in ijl.ll Throughout we consider only surfaces of genus at 
least two. 

Fix a smooth almost complex surface E, and let Spin r (E) denote the groupoid 
of r-Spin structures on E. More precisely, its objects are pairs £ = (L — » E, ip : 
TE = L® r ) of a complex line bundle L on E and an isomorphism of complex line 
bundles from the tangent bundle of E to the r-th power of L. The morphisms of 
this groupoid from (L, ip) to (£', if') are given by the isomorphisms ip : L = V such 
that i\)® r o (p — ip 1 . Given a diffeomorphism / : E — > E' that preserves the almost 
complex structure, we define 



f*(L',cp') = (/*£', TE °J /*TE' f*{I® r ) = (/*£/ 



r \ 



This provides an action of the group of diffcomorphisms of E on the set of r-Spin 
structures. The following lemma was proved in [181 Theorem 2.9], and describes 
the components of the groupoid Spin r (E) modulo the action of the mapping class 
group. 

Lemma 1.1. Suppose that g > 2. The set 7ToSpin r (E g ) of isomorphism classes of 
r-Spin structures on E g is non-empty if and only if r divides xi^g) — 2 — 2<7, in 
which case it consists of r 2g elements. If r is odd, 7roSpin r (E 9 )/T g consists of a 
single element. If r is even, 7ToSpin r (E s )/r g consists of two elements, and the map 

^ Spin r (E ; ,)/r s -> 7r Spin 2 (E g )/r g 
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is a bijection. The two elements of 7ToSpin 2 (E g )/r g are distinguished by the Arf 
invariant of a quadratic form describing the Spin structure. 

The remaining structure of the groupoid is described by the following lemma. 

Lemma 1.2. Every element of Spin r (E) has automorphism group Z/r. 

We may now give our first definition. We can choose an r-Spin structure Q on 
E 9 , and let G X J r (£) be the subgroup of T g that preserves £ up to isomorphism, that 
is, those diffeomorphisms / such that /*(£) = C- Equivalently it is the stabiliser of 
C for the action of T g on 7roSpin'*(I] g ). We define 

where the quotient is taken in the orbifold sense. As the set 7ToSpin r (E g ) is finite, 
"(0 is a finite index subgroup of the mapping class group, and hence 

MV'(C) — > M g 

is a finite covering map. Readers who are unenthusiastic about orbifolds may in- 
stead take the homotopy quotient, that is, the Borel construction EGV r (C) x n 1 / r tr\ 
Tg, or the stack quotient. 

For our second definition, we employ another group Fg^ r (C) which is slightly more 
difficult to describe: to do so, we will first define a topological group Diff(E g ,£). 
As a set it consists of pairs (/ E Diff + (E g ),p : f*( = (), and is equipped with the 
group law defined by the formula 

(/. P) ■ (5, a) = (fo g, (/ o g)*C - f*g*( sf f*( £ C). 
The evident homomorphism Diff(E g ,£) — > Diff + (E g ) has image those path com- 
ponents contained in G 1 J r (C,), and has kernel Z/r. We topologise Diff(E s ,£) as a 
covering group of its image, and define 

rfXC) :=7r (Diff(S s ,C)), 

which is isomorphic to the quotient of Diff (E ff , Q by the normal subgroup Diffo(E g , £) 
given by the path component of the identity. By a theorem of Earle and Eells [5] , 
the group Diffg (E 5 ) is contractible for g > 1, and so has no non-trivial connected 
covering groups. Thus Diff o(E ff , () = Diffg (E 9 ), and hence the action of Diff (E 9 , C) 

on the space M(E g ) of complex structures on E g descends to an action of T g ^ r (Q 
on Techmiiller space T g = Af(E g )/Diffo(E g , £), and we may define the orbifold 

M l J r (0 :=r g //r g /-(c). 

By definition, the group F,|/ r (£) fits into the central extension 

(1.1) — > Z/r — > r^(c) -> G^(C) -> o 

and so acts through G g ^ r (^), and hence T g , on Teichmiiller space. In particular 

both groups act by biholomorphisms (as T g does), and so M g ^ r (^) and M g ^ r (C) 
are complex orbifolds. The natural map 

(1.2) M g A(C) — ► M^(C) 

has the structure of a Z/r-gerbe, which follows from the extension (jl.ip . Further- 
more, as 7g is contractible these are both orbifold Eilenberg-MacLane spaces, and 
so all statements about their homology apply equally well to the group homology 
of the groups G g /r (C) and r g /r (C). 

If the r-Spin structures £ and £' are identified under the action of T g , then the 

groups Gg^^) and G g ^ r (C') are conjugate in T g and so the corresponding r-Spin 
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moduli spaces — of both types — are homeomorphic. By Lemma ll.il when r is odd 
there is, up to homeomorphism, a single moduli space of each type, which we write 

■ 1 It 1 It 

as Mg' and my ' . When r is even there are two of each type, which we write as 
M^ r [e] and Mj^fe] for e = or 1. In this case we write Mj|/ r and Mj'' for the 
disjoint union of the two path components. 

1.1. Modular interpretation of Mj /r and M l J r . The (orbi)bundle tt : Cg /r -> 

1 It ... . . 1 It 

Mj is equipped with a holomorphic line bundle L — > C g and an isomorphism 
L® r = lOn, and so is a family of r-Spin Riemann surfaces over M^ r . Furthermore, 
it is universal with this property. This may be seen as follows: an r-Spin structure 
£ gives a line bundle L on the family of Riemann surfaces tt : C g — > Tg and an 
isomorphism ip : T v = L® r . The line bundle T v — > C g is fibrewisc holomorphic and 
so L —r C g is too. The element (f,p) G ^1^(0 ac ts on 7^ and C g , and gives an 
isomorphism p : f*L = L such that p® r commutes with 99, and hence it descends 
to the orbifold quotient. 

The orbifold Mj^ has a different modular interpretation. The (orbi)bundle 
7r : C g — > M g has a fibrewise Picard variety Pic(C g ) — > M g , which has a canonical 
section given by the canonical divisor ui^. The universal property of the family 

— 1 It 1 It 

Cg — > M ff is that in addition it has another section £ such that r£ = oj„. 
Thus each fibre admits the structure of an r-Spin Riemann surface, but there is no 
line bundle L — > C x J r whose r-th power is isomorphic to the (co)tangent bundle 
on each fibre. The obstruction to a section of the fibrewise Picard variety of a 
family tt : E — > B of Riemann surfaces extending to a line bundle on the total 
space has been studied by Ebert and the author [6]: there is a unique obstruction 
in H 3 (B;Z). In the case of M g ^ r it is the class given by /3(c), the Bockstein to 
integral cohomology of the class c G H 2 (Js/^J r \ Z/r) classifying the extension (|1.1[) . 
or equivalently classifying the gerbe (|1.2[) . 

Considering these two different modular interpretations, we take the view that 

1 It 

Mj is the correct notion of a moduli space of r-Spin Riemann surfaces, and 

' \/t . ' 1/2 

M g is not; we call the latter the moduli space of r-theta- characteristics, as M 9 
classifies families of Riemann surfaces with a theta-characteristic on each fibre. 

1.2. "Mumford conjecture" for moduli spaces of r-Spin Riemann sur- 
faces. From now on we denote by Mj^fe] either the whole of Mj/ r if r is odd, or 
the component of Arf invariant e if r is even. By writing M^ 1, [e] we always imply 
that the space is non-empty, i.e. that r | Whenever we write the cohomology 
of an orbifold, we always mean cohomology in the orbifold sense, not that of the 
coarse moduli space; of course if we take rational coefficients these coincide. 

The Mumford-Morita-Miller classes Hi G i? 2i (M 5 ;Z) may be defined as the 
pushforward 

IU ■= n l (c 1 (T v ) i+1 ) 

where tt : C g — > M g is the universal family over M g , and T v is the vertical tangent 
bundle (which is a complex line bundle). We will adopt the convention of always 
denoting families of Riemann surfaces by tt and their vertical tangent bundles by 
T v , without further note. The Mumford conjecture, proved by Madsen and Weiss 
[15j . states that the homomorphism 

Q[ki, K 2 , K 3 , ...]—>• if* (M ff ;Q) 

is an isomorphism in a certain range of degrees, which increases with g. Our first 
result is the analogue of this theorem for moduli spaces of r-Spin Riemann surfaces: 
the classes Ki may be pulled back to M^' and we have 
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Theorem 1.3. The map 

is an isomorphism in degrees 5* < 2g — 7. In fact, the map in- 
duces a homology isomorphism with Z[l/r]- coefficients in these ranges of degrees. 
Both statements are also true for Mg^e], as this is Z[l / V] -homology equivalent to 
M.y r [e] by the extension 

1.3. Low-dimensional homology. The main result of this paper is a computa- 
tion of the Picard group of Mj'' and a determination of a presentation for it. As 
these results are of interest in algebraic geometry, but the method of proof is via 
homotopy theory we have endeavoured to give as detailed results as we can in the 
introduction to hopefully allow geometers to make use of them. This accounts for 
the length of this introduction. 

We first turn our attention to the low-dimensional integral (co)homology of M^ r , 
which is the same as the integral (co)homology of the groups r,|/ r (e). 

Theorem 1.4 (Low-dimensional homology). Let g > 6. Then the first integral 
homology of r [e] is given by 




r = 2 mod 4 

//, (My r [e];Z) 2 \ Z/8 r = mod 4 

else 




r = mod 3 

else 



Let g > 9. Then the second rational homology o/Mg / ' r [e] has rank one. Thus, 



'Z/4 r e 2 mod 4 
# 2 (My r [e];Z) = Z© <j Z/8 r = mod 4 
efee 




r = mod 3 
else 



1.4. Identification of classes in £Z" 2 (Mg [e];Z). The description of the second 
cohomology of Mg [e] in Theorem 11.41 while interesting in itself, is of limited use 
if we do not have firm control on individual elements in this group, and so we now 
turn to describing elements of this group. 

The group i? 2 (M g ;Z) is free of rank one (for g > 3), and contains the two 
natural classes 

ki := tt,( Ci (T v ) 2 ) A:= Cl (^, A '(0 

where the symbol ir^ in the definition of the Hodge class A is the complex K- 
theory pushforward. These are related by the equation k\ — 12A, and A generates 
ff 2 (M ff ;Z). 

1/r 1/r 

The universal family it : C g — > M 5 has a vertical tangent bundle T v , and also 
another complex line bundle L, equipped with an isomorphism L® r = T v . Thus we 
may define classes 

(1.3) Ki /r :=m( Cl (L® a ) 2 ) A^ := ci(^(L® a )). 

These satisfy n r -J r = k\ and \ r l r = A. Furthermore, if r \ r' then the natural map 
[r'/r] : Mg /r ' M 9 /r pulls back to / >( r '/ r »/ r ' j and similarly for the \- a / r , 
so there is no ambiguity in writing the superscripts as rational numbers. 

When r is even there is a further class we may define. In this case, an r-Spin 

1/r 1/r 

structure has an underlying 2-Spin structure, and so the map C g — > Mg' is 
oriented in real -ftT-theory. Thus we may define a class 
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that is, a map £ : M,^/ r — ► O /[/ '. This is represented by a (virtual dimension zero) 
complex vector bundle with a trivialisation of the underlying real bundle, and such 
bundles have canonical choices of half the first Chern class so we may define the 
element in the integral cohomology of M^ r . The Spin structure on T v used 

to form the pushforward is L®2 7 so the underlying complex vector bundle of £ is 
it? (L®%) and Ci(£) = A -1 / 2 . Using this we define 

/*:=f (0+6A 1 / 8 , 

which has the property 2/x = A" 1 / 2 + 12A 1 / 2 . The reason for taking this class and 
not simply is that certain formulas occurring later on will be clearer. 

Our first result concerns the divisibility of these classes in the torsion-free quo- 
tient of # 2 (Mg /r [e]; Z), which by Theorem Ol is a free abelian group of rank one. 
In the following, we fix a generator g of the torsion-free quotient so that the Hodge 
class A is a positive multiple of g. We say a class x is divisible by precisely D when 
x = Dg. 



Theorem 1.5. The group H 2 (M g ;Z) injects into H 2 (M g /r [e}; Z). In the torsion- 
free quotient of H 2 (M-g [e]; Z), the Hodge class A is divisible by precisely ^ff-, 



U r = < 



(2 12 | r 

4 4 \ r, 3 | r 

6 4 | r, 3 | r 

12 4{r,3|r. 



More generally, k^ t is divisible by precisely a 2 U r , and X a ^ r is divisible by precisely 
j%(r 2 — Gar + 6a 2 ). When fi is defined it is divisible by precisely — . 

It is tedious but not difficult to see that for each fixed r all these divisibilities have 
no common factor, and hence the classes we have defined generate the torsion-free 
quotient. 

Corollary 1.6. The elements {X a ^ r , n^ r } (and \i if it is defined) generate the 
torsion-free quotient of H 2 (M^ 1 " [e] ; Z) . 

Having understood the divisibilities of the classes in the torsion-free quotient, it 
is easy to produce torsion classes as linear combinations of the k^ t , \ a l r and \x 
which vanish in the torsion-free quotient. If we define U a / r ^/ r := gcd(r 2 — 6ar + 
6a 2 , r 2 ~6br + 6b 2 ) then 

t a/r,b/r . = ^ ~ 6br + ^ ya/r _ ^ ~ 6ar + 6q2 yb/r 

and 

t a/r ._ 1 2l A a/r - ^ - 6ar + 6 ° 2 K /r 

gcd(12, r 2 — 6ar + 6a 2 ) gcd(12, r 2 — 6ar + 6a 2 ) 1 

are integral cohomology classes which are trivial in the torsion- free quotient, and 
hence are torsion. When r is even, there is also the torsion class 

■ , = 48 r 2 1/r 

gcd(r 2 A%f gcd(r 2 ,48) Kl ' 

In order to determine when torsion classes are non-trivial, we prove the following 
detection theorem. 
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Theorem 1.7. For g > 9 t/iere is a canonical homomorphism 

<p : H 2 {Ml /r [e};1) — ► Z/24 

which is injective when restricted to the torsion subgroup. It sends \ a / r to 2, k^ t 
to 0, and if fi is defined it sends it to 1. 

Along with an analysis of the coefficients in the definition of W r and t, this 
theorem implies the following. 

Corollary 1.8. If r is odd, any t a l r generates the torsion subgroup. If r = 2 mod 4 
thent°' r generates the torsion subgroup. Ifr = mod 4 thent generates the torsion 
subgroup. 

Combining Corollaries II .61 and II. 81 we can make the following observation. 

Corollary 1.9. The elements {\ a / r , n^ r } (and /i if it is defined) generate the 
group H 2 (M.y r [e]; Z). All relations between them are implied by Theorem ] 1.5\ and 
Theorem \1.7\ 

Example 1.10 (2-Spin). Consider the classes A, A 1 / 2 , /i, k\ and k\^ 2 . The number 
U2 is 12, so in the torsion-free quotient A is divisible by 4, A 1 / 2 is divisible by —2, /i 
is divisible by —1, k\ is divisible by 48, and k[^ 2 is divisible by 12. The class f 1 / 2 . / 2 
is 2A 1 / 2 + A and maps to 6 G Z/24 an order 4 element, so it generates the torsion 

1 /2 

subgroup. Thus a presentation of the second integral cohomology of M g [e] in the 
stable range is 

(A,/x I 4(A + 4/x)>. 

Example 1.11 (3-Spin). Consider the classes A, A 1 / 3 , A 2 / 3 , k\ and k 1 ^ 3 . The number 
U3 is 4, so in the torsion-free quotient A is divisible by 3, A 1 / 3 is divisible by — 1, 
A 2 / 3 is divisible by —1, k\ is divisible by 36, and k\^ 3 is divisible by 4. The class 
^1/3,0/3 j s 3^1/3 _|_ A an( j ma p S to 8 G Z/24 an element of order 3, so it generates 
the torsion subgroup. Thus a presentation of the second integral cohomology of 
Mj /3 [ f ] in the stable range is 

(A,A 1/3 I 3(A + 3A 1/3 )). 

Example 1.12 (4-Spin). Consider the classes A, A 1 / 4 , A 1 / 2 , A 3 / 4 , ^ and the kJ' 4 . 
The number U4 is 6, so in the torsion-free quotient A is divisible by 8, A 1 / 4 is 
divisible by —1, X 1 / 2 is divisible by —4, A 3 / 4 is divisible by —1, and fi is divisible 
by -2. The class i 1 / 4 ' / 4 is 8A 1/4 + A and maps to 18 G Z/24 an element of order 
4. The class iV 2 > / 4 is 2A 1 / 2 + A and maps to 6 £ Z/24 an element of order 4. 
The class tVM/2 ig A i/2 _ 4A i/4 and maps to —6 = 18 G Z/24 an element of 

order 4. The class i 1 / 4 is 6A 1 / 4 + k\^ 4 and maps to 12 G Z/24 an element of order 
2. The class i 1/2 is 3A 1/2 + 2k{ /4 and maps to 6 G Z/24 an element of order 4. 
Finally, the class t is 3/i + kJ^ 4 and maps to 3 G Z/24 an element of order 8, so 
generates the torsion subgroup. Similarly, the class pi — 2A 1 / 4 is torsion and maps 
to —3 G Z/24 so generates the torsion subgroup. Thus a presentation of the second 
integral cohomology of Mj' 4 [e] in the stable range is 

(m,A 1 / 4 |8( M -2A 1 / 4 )}. 

1.5. Low-dimensional homology of the space of r-theta-characteristics. 

The extension (jl.ip and the known abelianisation of r^ r (C) from Theorem 11.41 im- 
ply a calculation of the abelianisation of Gg r (C) as long as one can understand the 
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effect of the map Z/r — > T g (C) on abelianisations. We explain in SjS]how to com- 
pute the effect of this map, but the formulae are complicated and the abelianisation 
of Gy r (C) depends sensitively on r, g and Arf(C), so it is difficult to give a general 
statement. However for any particular r it is not a difficult calculation. 

Example 1.13. The group H 1 (Mj /2 [e] ; Z) isZ/4for.g > 9, and the group H^M 1 / 3 ; Z) 
is Z/3 for g > 9. The group H x (Mj /4 [e] ; Z) is Z/8 if e = 0, and is Z/4 otherwise, 
assuming that g > 9. 

From the abelianisation of G X J r (Q) we may deduce the second integral cohomol- 
ogy of M,|/ r [e] as an abstract group, but the methods of in fact allow us to 
compute the effect of the (injective) map 

ff 2 (My r [e];Z) — > H 2 {M}J r [(]■%). 
Example 1.14. As a subgroup of i? 2 (Mg /2 [e];Z) = (A, \i | 4(A + 4/i)}, the second 

— '1/2 

cohomology of M g [e] is the whole group if e — and (A, 2/x | 4(A + 4/it)) if e = 1. 

The first rational cohomology of G g (£) is stably trivial, and the second rational 
cohomology stably has rank one, giving further support to the general belief that 
this is true of all finite-index subgroups of the mapping class group. 

1.6. Picard groups and Neron Severi groups. The topological Picard group 
Pict op (X//G) of the orbifold X//G is the set of isomorphism classes of G-equivariant 
complex line bundles on X, which forms an abclian group under tensor product of 
line bundles. The first Chern class provides a homomorphism 

ci : Pic top (A7/G) — > H 2 (X//G;Z) 

which is in fact an isomorphism Lemma 5.1]. 

1 It 1 It 

The orbifolds M 9 ' and M s ' have a complex structure, and so they also have 

1/r 

holomorphic Picard groups: these are the sets of isomorphism classes of G g - or 
T X J r -equivariant holomorphic line bundles on T g , under tensor product of holomor- 
phic line bundles. For a holomorphic orbifold X there is a map 

Pic hol (X) -> Pic to p(X) 

with kernel Pic° ol (X) consisting of the topologically trivial holomorphic line bun- 
dles. The analytic Neron-Severi group A/"5(X) is defined to be the quotient group 
PiChoi(X)/PicS ) 10 i(X), so there is a sequence of maps 

Pic ho i(X) — > MS(X) — > Pic top (X) ^> i/ 2 (X; Z) 

where the first map is an epimorphism, the second is a monomorphism and by the 
discussion above the last is an isomorphism. 

The orbifold M,|/ r [e] has the structure of a quasi-projective orbifold, as it has 
a finite cover by a quasi-projective variety. Thus it has an algebraic Picard group 
Pic a i g (M^ r [e]) consisting of holomorphic line bundles which are algebraic on all 
finite quasi-projective covers. The orbifold M^ r [e] also has an algebraic Picard 
group, by virtue of being a Z/r-gerbe over the quasi-projective orbifold Mj^je]; 
we define it in M6.31 

Theorem 1.15. Consider the maps 

Pic alg (Mf>]) Pic hol (Mf>]) -> AfS(My r [e}) — > F 2 (M^[e];Z). 

As long as g > 9, the composition is an isomorphism, the second map is surjective, 
and the last map is an isomorphism. The same holds for M^Je]. 
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Hence Theorem 11.41 computes both the topological and algebraic Picard groups 
and the analytic Neron-Severi group of M. g , and the methods of §5] do the same 
for M ff /r . 

I. 7. Relation to the work of Jarvis. In the algebro-geometric setting, Jarvis 
___ ^ i T 

[T2] has constructed & g , a smooth proper Deligne-Mumford stack over Z[l/r] 

1 It 

compactifying the stack @ g which parametrises families of r-Spin curves (which 

is a curve C with a line bundle L and an isomorphism ip : L® r = u). For the 

1 lr 

purposes of this discussion, we assume that the quasi-projective orbifold M g 
represents the smooth Deligne-Mumford stack & g ®z[i/r] C, and in particular 
has the same cohomological invariants. Jarvis has proved an algebraic analogue of 
Lemma 1.1 §3.3], showing that the coarse moduli space of & X J T has either one 
or two irreducible components depending on the parity of r. 

Using his compactification, Jarvis has studied [T3] the Picard group of the stack 

1 It 

& g , and in particular produced algebraic line bundles of orders 4 and 3 when r 
is divisible by 2 and 3 respectively [131 Proposition 3.14]. These are constructed in 
the same way as our classes i a /''> b / r ; insofar as that they are linear combinations 
of the A a / r which are rationally trivial. Conjecture 4.4 of |T3] (also mentioned by 
Cornalba [3J p. 31], [¥]) is the presentation 

(A,A 1/2 | 4A + 8A 1 / 2 } 

1/2 

for the algebraic Picard group of M g ' [e], based on the following observations: 
A + 2A 1 / 2 is an element of order 4, A and A 1 / 2 are elements of infinite order, and the 
Picard group is known to be Z © Z/4 as an abstract group. However, our Example 

II. 101 shows that in the torsion-free quotient of cohomology A is divisible by 4 and 
A 1 / 2 is divisible by —2. Furthermore, our Theorem 11.151 shows that 

Pic alg (My 2 [ £ ])-^ J ff 2 (My 2 [ £ ];Z) 

is an isomorphism for g > 9. Hence the conjecture is incorrect, and the correct 
presentation is that of Example 11.101 where we interpret /i as a class constructed 
out of some square root of the algebraic line bundle A -1 / 2 . 

2. Madsen- Weiss theory for t-Spin Riemann surfaces 

1 It 

The main tool that allows us to say anything about the orbifolds M 5 ' is the 
development of a theory parallel to that of Madsen and Weiss [15] for M ff . Thus 

1 It 

we have a good model for the homotopy type of the orbifold M g ' , a homological 
stability theorem for these spaces, and an identification of the stable homology with 
the homology of a certain infinite loop space. The following outline of the theory 
is rather brief, and we suggest that the reader also consult [151 E] for the analogous 
theory for M g . 

2.1. A homotopical model for M^^. Let 7 r — ► i?Spin r (2) denote the universal 
r-Spin complex line bundle. Thus BSpin r (2) ~ BU(l) and the complex line bundle 
7 r is r times the canonical bundle over BU(1). Let S g be a closed oriented surface, 
and Bun(T£ g ,7 r ) denote the space of bundle maps TY, g — > 7 r , i.e. fibrewise linear 
isomorphisms. We define the homotopy-theoretic moduli space to be the Borel 
construction 

M^ r (^ g ) := Bun(T£ 9 , 7 r ) x Diff+(S9) Emb(E g ,E°°). 

By construction, homotopy classes of maps from a manifold into M 1 ^'{Y, g ) classify 
concordance classes of surface bundles with genus g fibres, equipped with a complex 
line bundle L on the total space and an isomorphism from L® r to the vertical 
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tangent bundle. There is a natural map A4 1 / r (Tig) — > M^ 1 " classifying the universal 
family, and we have immediately that 

Proposition 2.1. _A/f 1//r (£ g ) is the weak homotopy type of the orbifold . In 
particular, they have isomorphic integral cohomology. 

2.2. Homological stability. In jTSJ §2] we studied the spaces M^ r (E g ) and their 
generalisations M}l r (£ 9 ,b; 6) to surfaces with boundary, where the r-Spin structure 
is required to satisfy a boundary condition S. The main theorem of that paper 
concerning these spaces is that they satisfy the hypotheses of [17] and hence exhibit 
homological stability. The implication of this statement is that 

Theorem 2.2. The homology of M. l / r (Yi g y,8) is independent of g, b and S in de- 
grees 5* < 2g — 7. More precisely, all stabilisation maps from this space obtained 
by gluing on an r-Spin surface along boundary components induce a homology iso- 
morphism in this range of degrees. 

If we are discussing a certain homology group, we will use the term "in the stable 
range" to mean "for g large enough to satisfy the above inequality" . 

2.3. A universal approximation. We have a complex line bundle 7 r — » -BSpin r (2), 
and we define the spectrum (in the sense of stable homotopy theory) 

MTSpin r (2) := Th(- 7 r -» BSpin r (2)), 

that is, the Thorn spectrum of the complement of the universal bundle over £?Spin r (2). 
Let f2°°MTSpin r (2) denote the associated infinite loop space. By Pontrjagin- 
Thom theory the group 7ro(f2°°MTSpin r (2)) is isomorphic to the group of oriented 
r-Spin surfaces up to cobordism (under disjoint union), but the cobordisms are re- 
quired to be 3-manifolds whose tangent bundle is isomorphic to e 1 © L® r for some 
complex line bundle L, by an isomorphism which is standard at the boundaries. 
This may be seen by carrying out the Pontrjagin-Thom construction in this case, 
and we will not dwell on it. There is a natural homomorphism 

X : 7r (f2 oo MTSpin r (2)) — > Z 

given by sending an r-Spin surface to its Euler characteristic, which is well-defined 
over this cobordism relation by the Poincare-Hopf theorem: the allowed cobor- 
disms all admit a nowhere vanishing vector field which agrees with the inwards and 
outwards vector fields at the incoming and outgoing boundaries respectively. As 
S s admits an r-Spin structure precisely when r | 2 — 2g, we see that the image of 
X is 2rZ if r is odd and rZ if r is even. 
In ij3.5l we will show that 



7r (f2°°MTSpin r (2)) 



Z r odd 

Z © Z/2 r even 



as abstract groups, which implies that x is injective when r is odd and has kernel 
Z/2 when r is even. When r is even, there are maps 

MTSpin r (2) — ► MTSpin 2 (2) > IT 2 MSpin 

ending at the usual Spin bordism spectrum, and so a (surjective) homomorphism 

7r (ft oo MTSpin r (2)) — ■» ^ pin (*) Si Z/2 

where the isomorphism is by sending a Spin surface to its Arf invariant. In total 
we obtain a canonical isomorphism 

2rZ r odd 



7r (f2 oo MTSpin r (2)) 



rZ © Z/2 r even 
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given by the Euler characteristic and the Art invariant. We write i7^°.MTSpin r (2) 
for the union of those (one or two) path components which map to x under the 
Euler characteristic map. 

Given an r-Spin surface bundle (E 9 — s> E —> B,L — s> E,ip : L® r = T v ) there is a 
Becker-Gottlieb [T] pretransfer 

prt : T,°°B + — > Th(-T v -> E), 

and a map t v : E — > BSpin r (2) classifying the vertical tangent bundle. Composing 
these gives a map 

cv B := Th(-T v ) o prt : — ► MTSpin r (2) 

with adjoint 

a : B — > Q£ 2g ..MTSpin r (2). 

Performing this construction on the universal r-Spin bundle with genus g fibres 
gives a comparison map 

(2.1) a g : M^ r (E g ) — > ^ 29! .MTSpin r (2). 

The homological stability result and the methods of [9] or [10] imply that this map 
is an integral homology equivalence in degrees 5* < 2g — 7. 

2.4. The "Mumford conjecture" for M g . Theorem l 1 . 3l stated in the introduc- 
tion will follow one we are able to compute the rational cohomology of the infinite 
loop space f2 >o MTSpin r (2). This is easy: for any spectrum X, the rational coho- 
mology of the basepoint component of the associated infinite loop space, f2 >o X> ^ s 
the free graded commutative algebra on the rational vector space H*>®(K;Q) of 
positive degree elements in the spectrum cohomology of X. 

In our case, the forgetful map MTSpin r (2) — > MTSO(2) induces an isomor- 
phism on rational cohomology (as we can compute the cohomology of both sides 
using the Thorn isomorphism), and hence fig°MTSpin r (2) -t Og°MTSO(2) also 
induces such an isomorphism. Theorem II .31 then follows from the known cohomol- 
ogy of ftg°MTSO(2), c.f. [IS]. 

3. Computing the low-dimensional cohomology of M^' 



second integral cohomology of the orbifold Mg , which establishes Theorem 11.41 



The purpose of this section is to give the following calculation of the first and 

Theorem 3.1. There are isomorphisms 

'Z/4 r e 2 mod 4 



ff 2 (My r ;Z) = Z© { Z/8 r ee mod 4 
else 




r = mod 3 

else 



and ff 1 (M ff ;Z) = as long as g is in the stable range. 

For g in the stable range there are isomorphisms 

H 2 iM 1 J r ]Z) = H 2 {M 1/r (E g );Z) = H 2 (ft X) MTSpin r (2); Z). 

The rank of H 2 (r2 X3 MTSpin r (2); Z) is the same as the rank of the second rational 
cohomology, which is one by Theorem ll.3l By the universal coefficient theorem and 
Hurcwicz' theorem, we have 



iJ 2 (fi X2 MTSpin r (2);Z) = Z © J ffi(f7 x) MTSpin r (2); Z) = Z © m (MTSpin r (2)) 

1 It 

and so the problem of computing the second cohomology of M 9 is reduced to the 
problem of computing a stable homotopy group. 
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We approach this problem by observing that by the Thorn isomorphism the coho- 
mology ff*(MTSpin r (2);Z) is a free module of rank one over H*{BSpin r (2); Z) = 
Z[x] on a generator u_2 G i/~ 2 (MTSpin r (2); Z), and that at each prime the ac- 
tion of the Steenrod algebra on i?*(MTSpin r (2); F p ) is determined by its action 
on H*(BSpin r (2); F p ) along with an identity 

V{U-2) = fp(x) ■ 

for some formal power series f p {x) G i?*(_BSpin r (2); F p ) which may be computed 
from characteristic classes of r y r —> £>Spin r (2). In particular f2(%) is the total 
Stiefel-Whitney class of — 7 r , and fs(x) is the total Pontrjagin class of — Y reduced 
modulo 3. 

Definition 3.2. Let X r be the homotopy cofibre in the sequence 
MTSpin r (2) — ► MTSO(2) — > X r . 

Proposition 3.3. The integral cohomology of X r is given by H even (X r ; Z) = 
and H 2l+1 (X r ;Z) = Z/r i+1 for i > 0. 

Proof. On cohomology, after applying the Thorn isomoprhism, we have short exact 
sequences 

— > Z{x l+1 • w_ 2 } '^—l Z{x l+1 ■ u_ 2 } — -)• H 2l+1 (X r ;Z) —> 0. 

□ 

We can now refine our discussion in H2.4I not only is the forgetful map a rational 
equivalence, it is an equivalence after inverting just r. 

Corollary 3.4. The spectrum X r [^] is contractible, so the map of localised spectra 



MTSpin r (2) 



MTSO(2) 



is a homotopy equivalence. Hence £!g°MTSpin r (2) — > £!g°MTSO(2) is a homol- 
ogy equivalence with any Z[^]-module coefficients. 

The order of the group 7Ti(MTSpin r (2)) must then divide a power of r, as 
7Ti(MTSO(2)) = 0. The following lemma further controls the primes which can 
divide the order of this group. 

Lemma 3.5. For all primes p > 5, i?*(MTSpin r (2); F p ) is a trivial module over 
the Steenrod algebra in degrees * < 3. Hence 7Ti(MTSpin r (2)) has no torsion of 
order p. 

Proof. Note that i/*(MTSpin r (2); F p ) has no Bockstein operations, as it is sup- 
ported in even degrees. Thus the shortest Steenrod operation is V 1 , which in- 
creases degrees by 2{p — 1), so at least 8 if p > 5. In particular V 1 (u^ 2 ) G 
£f- 6 (MTSpin r (2); F p ) is outside the range under consideration. 

As it is a trivial module in this range, the i? 2 -page for the Adams spectral 
sequence is S" 2 A/ © M © Y?M in this range, where M := Ext^*(F p , F p ). This 
consists of a Z-tower in degrees —2,0 and 2, so tti has no p-torsion. □ 

Thus the group tti (MTSpin r (2)) can have only 2- and 3-torsion, and only when 
2 or 3 respectively divide r. 

Corollary 3.6. If r is coprime to 6 then H 2 (M 1 g /r - 1 Z) = Z in the stable range. 

Lemma 3.7. The image of 7r (MTSpin r (2)) m tt (MTSO(2)) = Z is rZ if r is 

odd, andr/2Z if r is even. 
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Proof. The identification 7To(MTSO(2)) = Z is by sending an oriented surface to 
half its Euler characteristic, so the problem is to determine which Euler character- 
istics can occur on r-Spin surfaces. The Euler characteristic may be identified with 
the divisibility of ci(TE 9 ), so if the surface has an r-Spin structure, r\x- Thus the 
minimal possible Euler characteristic of an r-Spin surface is r if r is even and 2r if 
r is odd. □ 

3.1. 3-torsion. At the prime 3 we have the identity 

V{u^) - p( 7 f ) ■ = (1 - r 2 • x 2 ) ■ u_ 2 , 

where p is the total Pontryjagin class. This determines the structure of the coho- 
mology if*(MTSpin r (2); F 3 ) as a module over the Steenrod algebra. We are only 
interested in the case where 3 divides r, so P(«_ 2 ) = it— 2 and hence 

iT (MTSpin r (2);F 3 ) = TT 2 H*{BSO{2)\ F 3 ) 

as modules over the Steenrod algebra. Thus the chart of the i? 2 -page of the Adams 
spectral sequence calculating the 3-primary homotopy of MTSpin r (2) is as shown 
in Figure [TJ It immediately implies that 7Ti(MTSpin r (2))( 3 ) is Z/3 if 3 | r and 
zero otherwise. 



MTSpin r (2) 




-2-101234 



Figure 1. Partial -E 2 -page of the Adams spectral sequence con- 
verging to the 3-primary homotopy groups of the spectrum 
MTSpin r (2). The diagram is complete to the left of the dotted 
line. 



3.2. 2-torsion. At the prime 2 we have the identity 

Sq(u^ 2 ) = w(lf T ) ' M -2 = (l + r ■ x) ■ it_ 2 
and we are only interested in the case where 2 divides r so we obtain Sq(u-2) = u-2 
and hence 

iT (MTSpin r (2) ;F 2 ) = 5T 2 tf *(BSO(2); F 2 ) 
as modules over the Steenrod algebra. Thus the chart of the £' 2 -page of the Adams 
spectral sequence calculating the 2-primary homotopy of MTSpin r (2) is as shown 
in Figured There is an ambiguity in 7Ti(MTSpin r (2))( 2 ) given by the possible 
differential, which we must resolve. In order to do this we also compute the -E 2 -page 
of the Adams spectral sequence for the cofibre X r at the prime 2 (when r is even). 
This depends on whether r is divisible by 4 or not. 

Proposition 3.8. The cohomology groups if*(X r ;F 2 ) are a copy of F 2 in each 
degree i > 0, generated by an element a.;. As a module over the Steenrod algebra, 
up to degree 4 the only non-trivial operations are 

Sq 2 (a 2 ) = 04, Sq 2 (a 1 ) = a 3 , 
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Figure 2. Partial _E 2 -page of the Adams spectral sequences 
converging to the 2-primary homotopy groups of the spectra 
MTSpin r (2) and MTSO(2). The diagrams are complete to the 
left of the dotted line, and the dotted arrows show the only possible 
differentials in this range. 



and if r = 2 mod 4 then Sq 1 (ao) = a±. 

Proof. The identification of the cohomology groups follows from Proposition l3.3l and 
the Universal Coefficient Theorem. The identification of the Steenrod operations 
follows from the known operations in MTSO(2) and MTSpin r (2) in this range. 

□ 

Thus if r = 2 mod 4 then iJ*(X r ; F 2 ) is the module 

(F 2 ^> E 1 F 2 ^> £ 3 F 2 ) © (£ 2 F 2 ^ S 4 F 2 ) 
in degrees < 4, and if r = mod 4 it is the module 

F 2 © (E X F 2 ^4 S 3 F 2 ) © (S 2 F 2 ^ E 4 F 2 ) 

in this range. The i? 2 -pages of the corresponding Adams spectral sequences split 
accordingly in this range, and each elementary module has a well-known Adams 
-E^-page. 

3.3. Case 1. Let us first treat the case r = 2 mod 4, where a chart for the Adams 
i? 2 -page for X r is shown in Figure[3J As X r is r-torsion, the two Z-towers in degrees 
2 and 3 must kill each other, so that 7r 2 (X,.)( 2 ) = Z/2 fc for some k > 4. The long 
exact sequence in 2-local homotopy gives the exact sequences 

► 7T 4 (X r ) (2) — > 7r 3 (MTSpin r (2)) (2) — »• Z/8 — > Z/2 — > 0, 

and 

— > Z (2) — > Z (2) — > Z/2 fe — > ^(MTSpin r (2)) (2) — > 0. 
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+ 



+ 



Figure 3. Partial £' 2 -page of the Adams spectral sequences con- 
verging to the 2-primary homotopy groups of the spectrum X r , 
when r = 2 mod 4. The diagram is complete to the left of the 
dotted line. There is a differential into the total degree 2 column: 
the dotted arrow shows the shortest possible such differential. 



The first sequence implies that 7T3(MTSpin r (2))(2) has order at least 4, and so the 
differential entering the total degree 3 column is zero, and 7T3(MTSpin r (2))( 2 ) = 
Z/4. 

Suppose now that the differential entering the total degree 1 column is zero: 
then the Adams spectral sequence for MTSpin r (2) collapses in the range we have 
drawn it, and in particular we may read off its 7r*(S)-module structure. By the 
short exact sequence 

— ► 7r 3 (MTSpin r (2)) (2) — > 7r 3 (MTSO(2)) (2) — ► Z/2 — > 

and comparing the (collapsing) charts for MTSpin r (2) and MTSO(2), we see that 
Z( 2 ) = 7T2(MTSpin r (2)) ( 2) -> 7r 2 (MTSO(2))(2) = Z (2) must be an isomorphism. 
Thus 

Z/2 fc ^ 4 = 7T 2 (X r ) (2) = ^ 1 (MTSpin r (2)) ( 2 ) £ Z/8, 
which is a contradiction. Thus when r = 2 mod 4 the differential entering the 
degree 1 column is non-trivial, and so 

7r 1 (MTSpin r (2)) (2 ) = Z/4. 

3.4. Case 2. Let us now treat the case r = mod 4, where a chart for the Adams 
i? 2 -page for X r is shown in Figure 0] As X. r is ?'-torsion, the Z-towers must kill 
each other. As 7To(X r ) fits into an exact sequence 

► Z © Z/2 '% 2 Z -> 7r (X r ) -> Z/2 -> 

it is finite of order r, so its 2-component is finite of order 2 V2 ^ r \ From the chart we 
see that it is cyclic of this order, so 7To(X. r ) = Z/r, and we have the computation 

!Z/r<g>Z (2) * = 
Z/2 * = f 

Z/2©Z/2 fc * = 2 fc>3 

in degrees up to 2. Consider the portion of the long exact sequence in 2-local 
homotopy, 

► 7r 3 (X r ) (2 ) A Z (2 ) -> Z (2 ) 4 Z/2 © Z/2 fc ^ 3 -> ^(MTSpin r (2)) ( 2) -> 0. 

The map / is onto the first factor, so suppose it sends f to (f , 2^). Then 
7r 1 (MTSpin r (2)) (2) ~ z/2 min( -^ N+1 l 
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Figure 4. Partial £' 2 -page of the Adams spectral sequences con- 
verging to the 2-primary homotopy groups of the spectrum X r , 
when r = mod 4. The diagram is complete to the left of the dot- 
ted line. The grey dots show groups which definitely die. There 
is a differential into the total degree 2 column: the dotted arrow 
shows the shortest possible such differential. 



The generator of 7T2(MTSO(2))( 2 ) is in Adams filtration 2, so its image has filtra- 
tion at least 2. Thus N > 2, and so min(fc, N + 1) > 3, but 7ri(MTSpin r (2)) (2) is 
also at most Z/8, so min(fc, N + 1) = 3, and so N = 2. Thus 

7 r 1 (MTSpin r (2)) (2) = Z/8, 

and there is no differential. 

3.5. 7To(MTSpin r (2)). As we have used it in W2.31 we remark that Figures [1] and 
[5] show that 

^(MTSpin^)) " '' ,,,M 



Z®Z/2 r even 



as abstract groups. 
3.6. Induced maps. 



Proposition 3.9. The map 7r 2 (MTSpin r (2)) = Z -> tt 2 (MTSO(2)) = Z is given 
by multiplication by r 2 U r / 12, where 



U r = 



'2 12 | r 

4 4 \ r, 3 | r 

6 4 | r, 3 | r 

12 4 \ r, 3 | r. 

Proof. There is a commutative square 

7r 2 (MTSpin r (2)) = Z — £ J ff 2 (MTSpin r (2); Z) = Z 



tt 2 (MTSO(2)) = Z — i/ 2 (MTSO(2); Z) = Z, 

where the Hurewicz map U r may be determined by studying the Atiyah-Hirzebruch 
spectral sequence 

E 2 M = i/ p (MTSpin r (2);^(S)) =► 7r p+9 (MTSpin r (2)), 
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where it occurs as an edge homomorphism. There is a unique pattern of differentials 
out of E 2 consistent with the known homotopy groups of MTSpin r (2), and this 
determines the index of the image of the Hurewicz map. □ 

4. Identifying classes in H 2 {M 1 J r ; Z) 

In the introduction we defined cohomology classes K^ r and \ a / r in iJ 2 (M,|/ r ; Z), 
similar in spirit to the classes m and A defined in the cohomology of M s . When 
r is even we have defined a further class /i, which satisfies the equation 2[i = 
A" 1 / 2 + 12A 1 / 2 . All of these classes may in fact be defined on the infinite loop space 
il°°MTSpin r (2), as they all come from fibre-integration of a stable characteristic 
class associated to the vertical tangent bundle. In this section we will explain how 
to construct them in this manner. 

Definition 4.1. For any generalised cohomology theory E and any spectrum X, 
there is a cohomology suspension map 

a* : E*(X) — ► £*(Q°°X), 

given by applying E* to the evaluation maps Y> n Vl n X n — > X n and taking a limit 
over n. 

We write 7 r — > _BSpin r (2) for the tautological bundle, and L for its canonical 
r-th root. The Thorn isomorphism in spectrum cohomology gives 

iT (BSpin r (2) ;Z) — > H *- 2 (MTSpin r (2); Z) 

X I > X ■ U-2, 

and hence we may define G ff 2 (f7°°MTSpin r (2); Z) as a*(ci(L a ) 2 ■ u_ 2 ). 

The virtual bundle — 7 r — > -BSpin r (2) is complex, and hence oriented in complex 
K-theory. Thus there is a Thorn isomorphism in spectrum K-theory 

K°(BSpm r (2)) — > A'°(MTSpin r (2)) 

x ^ y x ' ,\ — ~"y r ' 

and hence an element a*(L® a ■ A_ 7 .) G X n (f7°°MTSpin r (2)). We may define 
\~ a / r to be the first Chern class of this virtual bundle. 

If r is even, there is an isomorphism (X®>72)®2 ^ y an( j SQ y j^g a canon j_ 
cal Spin structure and hence is oriented in real K-theory. Thus there is a Thorn 
isomorphism in spectrum KO-theory 

KO°(BSpin r (2)) — -> if C>- 2 (MTSpin r (2)) 

X h-> X ■ A_ 7 r, 

and hence an element £ := cr*(l • A_ 7 r) G if 0" 2 (fi°°MTSpin r (2)). Elements 
in KO~ 2 are represented by complex vector bundles with a trivialisation of the 
underlying real vector bundle, and such bundles have a canonical choice of half the 
first Chern class. We define \i := + 6A 1 / 2 . 

4.1. Divisibility of classes in the torsion-free quotient. 

Proof of Theorem \1.5l Let us consider the fibration sequence of connected infinite 
loop spaces, 

f7g° +1 X,. — > ftg°MTSpin r (2) — ► ftg°MTSO(2). 

Considering the Serre spectral sequence in cohomology, we see that there is a short 
exact sequence 

-> ii 2 (ttg°MTSO(2); Z) -> ii 2 (ftj^MTSpin 1 " (2) ; Z) ->• J ff 2 (fi^ c+1 X r ; Z) -> 0, 
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and furthermore, restricting to the torsion subgroup, the map 

Torsi? 2 (^MTSpin r (2);Z) — > H 2 (n™ +1 X r ;Z) 
is Pontrjagin dual to the connecting homomorphism 

#i(0^ +1 X r ) £ 7r 2 (X r ) -> i7i(0(fMTSpin r (2)) S 7n(MTSpin r (2)). 
The long exact sequence of homotopy groups 

► 7r 2 (MTSpin r (2)) r2 ^ /12 tt 2 (MTSO(2)) -> 7r 2 (X r ) -> 7 r 1 (MTSpin r (2)) -> 

shows that this connecting homomorphism is surjective with kernel Z/(r 2 U r /12). 
Thus the Pontrjagin dual map is injective with cokernel Z/(r 2 [/ r /12), so there is 
an exact sequence 

-> i7 2 (ftg°MTSO(2);Z) -> ff 2 (0^ MTSpin r (2); Z)/torsion -> Z/(r 2 J7 r /12) -> 0, 

and hence A is divisible by precisely rU r /12 in the torsion-free quotient. 

The remaining divisibilities follow once we establish the rational proportionalities 
between the classes {n^ r , A a / r , fi} and A. Firstly k^ t = -^Hi — ^§A. In order to 
relate A~ a / r to the other classes, we apply the Chern character: 



ch(7r,(L")) - 7n(ch(L«) • Td(T„)) = rr, (e«*W ■ { 
and note that C\{T V ) = r ■ C\(L). Thus 

(4.1) = r2+6a : + 6fl2 A G ff 2 (Mf;Q). 



Finally we have that 2^i = A x / 2 + 12A 1//2 . If we let g be a generator of the torsion- 

12 



free quotient such that A = ^rrf-g, then 



k x ' — a U r g 

X a / r = ^( r 2 -6ar + 6a 2 )g 

\i — ~~7^ r2 9 when it is defined. 
48 



□ 



4.2. Torsion classes. In the introduction we have defined torsion classes t a / r ' b / r , 
t a l r and t in the cohomology of Mj/ r as certain linear combinations of A a / r , k^ t 
and \x which vanish in the torsion-free quotient. We recall: if U a / r _ b / r = gcd(r 2 — 
Gar + 6a 2 , r 2 - 6br + 6b 2 ) then 

t a/r,b/r ._ r 2 - 6br + 66 2 x<l/r _ r 2 - 6ar + 6a 2 ^ b/r 



U a /r,b/r ^ajv.blv 



and 



t a/r ._ ^ X a/r _ r 2 - 6ar + 6fl 2 ^i/ r 

gcd(12, r 2 — 6ar + 6a 2 ) gcd(12, r 2 — 6ar + 6a 2 ) 1 

are torsion. When r is even, there is also the torsion class 

48 r 2 1/r 

' gcd(r 2 ,48) M gcd(r 2 ,48) Kl ' 

Although we have calculated i? 2 (Mg /r [e] ; Z) as an abstract group, we do not 
yet have a way of determining whether the torsion classes we have constructed are 
non-zero or not. The main result of this section is a detection theorem which will 
allow us to identify torsion classes. 
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Lemma 4.2. There is a natural homomorphism 

i* : ff 2 (f2g°MTSpin r (2);Z) — >• H 2 {n 2 Q(S°): Z) 

which is injective when restricted to the torsion subgroup. 

Proof. Consider the map of spectra 

i : S~ 2 — > MTSpin r (2) 

given by the inclusion of the — 2-cell. Consulting the Adams spectral sequence charts 
for MTSpin r (2) in all possible cases, we see that tt\ (MTSpin r (2)) is obtained en- 
tirely from 7r_2(MTSpin r (2)) via the 7r*(S)-module structure. This implies that 
7Ti(S -2 ) — > 7Ti (MTSpin r (2)) is surjective, so taking inhnite loop spaces the homo- 
morphism HxinlQiS );^) -> #i(ftjf MTSpin r (2);Z) is surjective, and the claim 
follows by Pontrjagin duality. □ 

Thus we may test the non-triviality of torsion elements by computing them on 
fi§Q(S°). 

Proposition 4.3. The classes i*\ a / r are all equal, and so in particular all equal 
to i*X; this class is twice a generator of H 2 {Vlf ) QS ;'L) = Z/24. When fi is defined, 
i* fi is a generator of H 2 (QqQS°;Z) = Z/24. The classes i*n\^ r are all zero. 

Proof. The class i*\ a / r is the first Chern class of the K-theory class 

S- 2 MTSpin r (2) L *±?* K, 

which may be obtained using the Thorn isomorphism in K-theory of the virtual 
bundle — C — > * applied to the pullback of the line bundle L a —> BSpin' (2) to a 
point: this is the trivial line bundle over a point for all a, which proves the first 
assertion. More precisely, considered as an element of 7r_2(K) this is /3 _1 , the 
inverse of the Bott element. In Appendix [AJ we compute the effect of the map 

H 2 (BU;Z) = Bott H 2 (n 2 {Z x BU);Z) H 2 (fl 2 QS ;Z) = Z/24 

and show it sends the first Chern class to twice a generator. 

The statement about fi is immediate, as 2^ = A -1 / 2 + 12A 1 / 2 and 12i*(A 1 / 2 ) = 
so 2z*(/i) = z*(A -1 / 2 ) is twice a generator, so i*(fi) is a generator. The state- 
ment about k^ t follows because i*a*{ci(L a ) 2 ■ u_ 2 ) = °~* (i* (ci(L a ) 2 ■ U-2)) but 
i*{d(L a ) 2 .«_ a ) G H 2 (S- 2 ;Z) = 0. □ 

Proof of Theorem \1.7\ When g > 9, the canonical map 

<** g : #W 2g , £ MTSpin r (2);Z) — ► H 2 (M 1/r (E g )[e];Z) = ff 2 (MV^[ £ ];Z) 

is an isomorphism, and the equivalence ^2^-29 e MTSpin r (2) ~ f2g°MTSpin r (2) is 
canonical up to homotopy too. Thus the map of Lemma 14.21 provides a canonical 
map 

(p : ff 2 (M^[e];Z) — ► H 2 (n 2 QS°;Z) 

which is injective on the torsion subgroup. By the universal coefficient theorem, this 
last group is naturally isomorphic to Ext(7r|,Z), which is un- naturally isomorphic 
to Z/24. 

When r = 2 the class (p(p) G ^(QqQS ; Z) is a generator by Proposition 14.31 
and so describes an isomorphism ^(CIqQS ; Z) = Z/24 under which (p(^i) goes to 
1. Let us use this as our standard identification of H 2 (Vl^QS a ; Z) with Z/24, giving 
a map 

Lp : H 2 {M.y r [e];Z) — > Z/24. 
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It remains to establish the effect of this map on the elements A a / r , k° and \x when 
it is defined. By Proposition 14.31 all the are sent to zero, and all the \ a l r are 
sent to the same thing. As 2/i = A -1 / 2 + 12A 1 / 2 and 12(^(A 1 / 2 ) = 0, it is enough to 
check where fj, is sent when r is even, and where A is sent when r is odd. For this 
we make use of the following diagram: 

nlQS — - Oi5°MTSpin 2r (2) — ► r^MTSpin r (2) 



fi(5°MTSpin 2 (2) 

By definition of the isomorphism H 2 (rioQS a ; Z) = Z/24, the diagonal map sends 
(j, to 1 S Z/24 and hence \ a / r to 2 e Z/24. By naturality the same is true of the 
top left map, as /i is pulled back to a class of the same name here. Naturality of n 
and \ a l r with respect to the top right map establishes the theorem. □ 

Using the formulae for the torsion elements W r and t, and the fact that we are 
able to compute them pulled back to SIqQS , we establish Corollary II .81 

Proof of Corollary \1.8[ We use the formulas of Theorem 11.71 for p. Suppose r is 
odd, and 3 | r (as otherwise there is nothing to show). We have that <p(t a ' r ) is 
24/gcd(12,r 2 — 6ar + 6a 2 ) in Z/24. The gcd is precisely 3 in this case, so we get 
8, and <p is injective when restricted to the torsion subgroup, so we are done. 

Suppose r = 2 mod 4. We have that ip(t°/ r ) is 24/ gcd(12, r 2 ) in Z/24, which is 
2 if 3 | r or 6 if 3 \ r. As p is injective when restricted to the torsion subgroup, we 
are done. 

Suppose r = mod 4. We have that tp(t) is 48/ gcd(48, r 2 ) in Z/24, which is 1 
if 3 | r or 3 if 3 \ r. As tp is injective when restricted to the torsion subgroup, we 
are done. □ 

4.3. Twists of r-Spin structures. Let n : E — > B be a r-Spin E s -bundle, that 
is, an oriented surface bundle of genus g with a complex line bundle L — > E and 
an isomorphism p : L® r = T V E. Suppose that D — > B is a complex line bundle 
equipped with an isomorphism D® r = e 1 . Such bundles are classified up to isomor- 
phism by elements of H 1 (B; Z/r), and we also write D for the cohomology class it 
represents. We can produce a new r-Spin structure on 7r by Ld := L ® ir*D, as 
then L% r L® r ir*D® r = T V E ® e 1 . 

We give here a formularium for computing the characteristic classes Kj' r , \ a / r 
and /i of the r-Spin structure Ljj in terms of those of L and the class D G 
H\B;Z/r). 

Theorem 4.4. There are equalities 

a l r (T \ a l r lT\ I ^ a Xi^g) nf r\\ 

«i \Ld) = «i (i) H ^—^-piD) 

\- a/r {L D ) = \- a / r (L) 

fi(L D ) = p(L) + Aii(L)$0(D) 

in H 2 {B;Z). 

Proof. The first equation follows easily from the definition Ljj = L ® ix*D and 
the fact that ci(-D) is the Bockstein /3(D) when we consider D as an element of 
H^B; Z/r): so Ci(L D ) = c x (L) + /3(D). 
For the second equation, we calculate 

\- a/r (L D ) - Cl (m{L a D )) = ci(ir\(L a ® ^*(D a ))) = ^(^(i ) ® ^*(D a )) 

and bear in mind that dim(7ri(i a )) = (a + 5)^(E ff ), and that r | ^;(E g ). 
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The last equation is more complicated, and follows from the equality 

tt? 8r/a = D® r ' 2 ® c 7rf (l) i8r/2 G KO- 2 (B), 

D 

where 7r ! R "°(— )x denotes the pushforward in real if-theory defined using the Spin 
structure X. This equality comes from the formula for the ifO-theory Thorn 
class given by the Spin structure L|^ 2 , in terms of the Thorn class for the Spin 
structure I® r l 2 . This shows that f = + Axf(£)|/3(D), noting that 

dimc(7r ! fi:o (l) i ®r/2) = Arf(i) mod 2. The equation in the statement of the theo- 
rem is obtained by noting that A 1 / 2 is unchanged under twisting the r-Spin struc- 
ture. □ 

5. Computations of the homology of M^' 

We can use the extension and the characteristic class description of the 

elements of ff 2 (Mj|/ r ; Z) to compute the low-dimensional cohomology of M^ r . In 
order to do so, we wish to compute the effect on first homology of the inclusion of 
the fibre in the fibration 

(5.1) BZ / r _,A 4 yr [e] _,jCtyr [e] . 

The map H\(BZ/r; Z) — > H\(M.g [e]; Z) is Pontrjagin dual to the map 

(5.2) Torsi? 2 (Xy r [e];Z) — > H 2 (BZ/r;Z) = Z/r, 

and so it suffices to compute the effect of this map. 

By Corollarv ll.81 we have generators for the torsion subgroup of H 2 [AA X J r [e]\ 1) 
in terms of the elements t a l r and t. In order to calculate the images of these elements 
under the above map, we must compute the characteristic classes K^ r , X a ^ r and /x 
on the r-Spin surface bundle classified by the map BZ/r —> M g /r [e\. The bundle 
this map classifies is, by definition, the twist of the trivial r-Spin bundle classified 
by the constant map BZ/r — > .M<|/ r [e] by the tautological class x G iJ 1 (SZ/r; Z/r). 
Theorem 14.41 tells us how to compute the characteristic classes of this bundle: they 
are 

a/r 2 a 2 X( S g) 



r 

\ a ' r = 



-P(x) 



fj, = e§/?(x) 

when the class fi makes sense (i.e. when r is even). Carrying out these computations 
using Corollary 11.81 leads to the following description of the map ([57 



Proposition 5.1. If r = 2 mod 4 the map 15.2)) is zero. If r = mod 4 the map 
h5.2\) has image g^c^r!) ^/ r - U r * s °dd the map h5.2\) is zero. 

Proof. Recall the statement of Corollary 11.81 if r is odd, any W r generates the 
torsion subgroup; if r = 2 mod 4 then t°/ r generates the torsion subgroup; if r = 
mod 4 then t generates the torsion subgroup. 

If r is odd, the map (|5.2I) sends the generator W r to 2x(S 9 ) • gg^fipj ; which is 
zero modulo r as r \ x(S g ). If r is even, the result follows by applying the formulas 
above to t°/ r if r = 2 mod 4 or t if r = mod 4. □ 



From these formulae one can compute the kernel of the homomorphism (|5.2|) . 
as it is cyclic and the above proposition determines its order. This group is then 
Pontrjagin dual to Hi (Mj' r [e] ; Z) . As one can readily see from the statement of 
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the above proposition, there will not be an especially pleasant formula for the order 
of this group, as for any fixed r it varies with e and g. 

We can also use the formula? above to compute the second integral cohomology 
of M,/ r [e]. Of course as an abstract group it is isomorphic to Z © Hi(M l J r [f\; Z) 
and the calculation of first homology follows from Proposition 15.11 However the 
formula? above also let us calculate the image of the injective map 

ff 2 (M^[e];Z)^ff 2 (M^[ e ];Z) 

because the Leray-Serre spectral sequence for the fibration (|5.ip gives an exact 
sequence 

— > ff 2 (Mf[ £ ];Z) — > ff 2 (My r [e];Z) — > Z/r 

and the last map is determined by the formulae above. As these are fairly compli- 
cated, it is difficult to give a general expression for the image of this map. However, 
we have calculated the following three examples. We refer to Examples 1 1 . 1 01 [T . 1 21 
for presentations of the second cohomology of Mj^ff] in these cases. 

Example 5.2. The group H 2 (M^ 2 [e] ; Z) is isomorphic to Z Z/4 for g > 9, but 
the map to H 2 (M^ 2 [e] ; Z) is an isomorphism if e = and an injection onto the 
index 2 subgroup (A, 2fi | 4(A + 4^)} if e = 1. 

Example 5.3. The group H 2 (M.y 3 ; Z) is isomorphic to Z Z/3 for g > 9, and the 
map to H 2 (M^ 3 ; Z) is an isomorphism. 

Example 5.4. The map from H 2 (Mj' 4 [e] ; Z) to 2 (M 1 / 4 [e] ; Z) is an isomorphism 
if e = 0, and an injection on to the index 2 subgroup (2/z, A 1 / 4 | 4(2^ — 4A 1 / 4 )} if 
e = 1. 

6. Relating Picard groups to cohomology 

In this section we will define the necessary terms and prove Theorem 11.151 from 
the introduction. 

6.1. Topological Picard groups. Recall from the introduction that the topolog- 
ical Picard group Pic top (X//G) of a global quotient orbifold X//G is the set of iso- 
morphism classes of G-equivariant complex line bundles on X, which is an abelian 
group under tensor product of line bundles. The first Chern class provides a map 

ci : Pic top (A7/G) — > H 2 (X//G;Z) 

which is an isomorphism 6, Lemma 5.1]. Thus the maps 

Pic top (M^[ e] ) J*> H 2 (My r [e];Z) Pic top (M^[ e ]) H 2 (M 1 / r [e] ; Z) 

are both isomorphisms. 

6.2. Holomorphic Picard groups. Recall from the introduction that if a group T 
acts by biholomorphisms on a complex manifold X, the orbifold quotient X := X//T 
has a complex structure and we may define the holomorphic Picard group PiChoi(X) 
to be the set of isomorphism classes of G-equivariant holomorphic line bundles on 
X, which is an abelian group under tensor product of line bundles. Equivalently, if 
Ox is the sheaf of holomorphic functions on the orbifold X, and O x the subsheaf 
of nowhere zero functions, it is the sheaf cohomology group iJ x (X; X ). The first 
Chern class provides a map 

(6.1) ci :Pic hol (X) ^ff 2 (X;Z), 

which coincides with the connecting homomorphism for the exponential sequence of 
sheaves — > Z — > Ox — > Cx — ^ on X. With the identification of the topological 
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Picard group in the previous section, the long exact sequence for the exponen- 
tial sequence identifies the subgroup Pic[J ol (X) < Pichoi(X) of topologically trivial 
bundles as the quotient 

Pic° ol (X)=ff 1 (X;O x )/^ 1 (X;Z) 

and so as a connected abelian topological group. The analytic Neron-Severi group 
of X is defined to be 

NS{X) := Pic ho i(X)/Picg ol (X), 

which is also the subgroup of Pic top (X) of those complex line bundles which admit 
a holomorphic structure. The first Chern class descends to an injective homomor- 
phism ci : AfS(X) -> F 2 (X; Z). 

Proposition 6.1. The map C\ : PiChoi(M,|/ r [e]) — > H 2 (M^ r [e] ; Z) is surjective, so 
A/\S(Mg /r [e]) -)• H 2 (Ml /r [e};Z) is an isomorphism. 

Proof. By the exponential sequence, the cokernel of c\ is a subgroup of the complex 

vector space H 2 ^M.y r [e]; M i/rj e jj and hence is torsion- free. Thus it is enough to 

see that Ci is rationally surjective, but rationally the cohomology has rank 1 and is 
generated by the Hodge class A, which is pulled back from a holomorphic (in fact 
algebraic) line bundle on M ff . □ 

There arc homomorphisms Pic top / ho i(M,|/ r [e]) ->Z/r given by evaluating a line 
bundle, holomorphic or topological, on the sub-orbifold */(Z/r). This gives a 
commutative diagram 

Pic hol (My r [e]) — Pic ho i(MV<-[e]) — Z/r 

Cl | Cl 

► Jf 2 (Mj/ r [e];Z) — H 2 (M 1 J r [e\; Z) — Z/r 

with exact rows, as a holomorphic line bundle on My r [e] descends to M^ r [e] 
precisely when it is trivial on *//(Z/r). This implies 

Proposition 6.2. The map c\ : Pic hol (Mg /r [e]) -> H 2 (Ml /r [e];Z) is surjective, so 
WS(Mg /r [e]) -)■ H 2 (Ml /r [e];Z) is an isomorphism. 

6.3. Algebraic Picard groups. Let us say a complex orbifold X is quasi-projective 
if it has a finite cover by a smooth quasi-projective variety. The generalised Ric- 
mann existence theorem implies that a finite cover of a quasi-projective variety 
is again a quasi-projective variety, so this notion does not depend on a choice of 
quasi-projective cover. 

Proposition 6.3. The complex orbifold Mg^e] is quasi-projective. 

Proof. The intersection of G X J r (C,) with the third level subgroup r g [3] < T g acts 
freely on Teichmiiller space, with quotient a finite unramified cover of _M g [3], and 
hence a smooth quasi-projective variety. □ 

For quasi-projective orbifolds, there is yet another notion of Picard group avail- 
able. The algebraic Picard group Pic a i g (X) is the set of isomorphism classes of 
holomorphic line bundles on X which are algebraic on the quasi-projective cover of 
X. Alternatively, if Ox is the sheaf of nowhere zero holomorphic functions on X 
which are algebraic on the quasi-projective cover, we may define 

Pic alg (X) := JT^X^x)- 
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As in the holomorphic case, we define Pic alg (X) to be the subgroup of topologi- 
cal^ trivial algebraic line bundles. The additional algebraic structure implies that 
Pic°i g (X) = if H l (X;Z) = 0, c.f. [TTJ Theorem 14.3]. In particular, this is the 

case for M,|/ r [e], so 

Proposition 6.4. The composition of maps 

Pic alg (M^[e]) — > Pic hol (M^[e]) AfS(M^[e]) ^ ff 2 (M^[e];Z) 

is injective. Moreover, the second map is surjective and the last is an isomorphism. 

If there is a G-gerbe Y X where G is a compact abelian group and X is a quasi- 
projective orbifold, we say that Y is a small extension of a quasi- projective orbifold. 
In this case the map tt has local sections, and so there is a natural isomorphism 
Oy = 7r _1 0x of sheaves of holomorphic functions. Hence we may define the sub- 
sheaf of algebraic functions on Y by Oy : = 7r _1 Ox, and the algebraic Picard 
group by Pic a i g (Y) := if 1 (Y;0 Y )- In particular applying this to the Z/r-gerbe 
Mg /r [e] -»• Mg /r [e] we may define Pic alg (Mg /r [e]). 

Proposition 6.5. The composition of maps 

Pic alg (M^[ £ ]) — > Pic hol (M^[e]) — > AT5(M^[e]) ff 2 (M^[e];Z) 

is injective. Moreover, the second map is surjective and the last is an isomorphism. 

Proof. For any such gerbe, applying the Leray spectral sequence to the map n and 
the sheaf C Y : we obtain the exact sequence 

— > Pic alg (X) — > Pic alg (Y) — > ff 2 (G; Z). 

1 /r r i 1 /r r 

For M 5 [e] — >■ M</ [e] wc obtain a commutative diagram with exact rows 

— Pic^MV^]) Pi Calg (Mi/'-[ e ]) — Z/r 
(6-2) J J 

# 2 (My r [e];Z) — H 2 (M V r [e] ; Z) — Z/r 

with the left vertical map injective by Proposition 16.41 Hence the middle vertical 
map is also injective. □ 

We can also extract information on the image of the injective homomorphism 
Pic alg (Mg /r [e]) — ► ff 2 (Mg /r [e];Z). First we note that all the classes \~ a / r are in 
the image of this homomorphism, as the construction \~ a / r := ci(7r ! fr (L® a )) can 
be performed algebraically as det(7Tt(L® a )) which gives a class in Pic a i g (My r [e]) 
with Chern class \~ a / r . For r odd these classes generate H 2 (Mg^ [e] ; Z) and so the 
homomorphism is surjective. For r even, the classes A a / r only generate an index 2 
subgroup of ff 2 (Mj' r [e];Z), but together with /i they generate the entire group. 

Lemma 6.6. The map c\ : Pic a i g (M,|/ 2 [e]) — > if 2 (My 2 [e]; Z) «s surjective. 

~ 1/2 

Proof. The coarse moduli space M g is in natural bijection with the set of pairs 
(E, L) of a Riemann surface and a complex line bundle L such that L® 2 = TE. As 
such, L admits a canonical structure of a holomorphic line bundle on E, and the 
holomorphic structure is independent of the choice of isomorphism L® 2 = TE. At 
this point it is convenient to work with square roots of the cotangent bundle, so let 
us denote by L* the dual bundle to L. 

There is a function p : M 1 / 2 -> N given by p(S,L) = dimi/°(E; L*), where 
we identify L* with its sheaf of algebraic sections. The parity of dinxff°(E; L*) is 
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locally constant on M g , and agrees with the Art invariant, but the function itself 
is not locally constant. The subset 

6 null := {(£,£) G M g / 2 [0] | p(E,L) > 0} 

is classically known to be a divisor, and the subset 

T:={(S,I)eMy 2 [l] | p(E,L) > 1} 

is known to have codimension 3 as long as g > 5 [THl Theorem 2.17]. 

We must now proceed by cases depending on the parity. For e = 0, by [3 
Theorem 0.2], the class of nu n is rationally equivalent to — |A on Mg^ 2 [0], and it 
remains so when pulled back to M 9 /2 [0] or Mj /2 [0]. Recall from Example ITTul that 
H 2 (M 3 /2 [0];Z) is isomorphic to (X,fi | 4(A + 4/i)). Then 4 • ci(e nuU ) = -A = 4/i 
in the torsion- free quotient of H 2 (Mg 2 [0] ; Z), and hence 

ci(e au u) = |i + A(A + 4/i) 

for some A. However, A + 4/i = A + 2(A -1 / 2 + 6A 1//2 ) is already in the image of ci, 
and so // is also. 

For e = 1, note that on the complement M g /2 [1]\T the sheaf (£, L) i-> H°(E; L*) 
(equivalently, the direct image 7r»(L*)) is a vector bundle of rank 1, and hence 
represents an element of Pic a i g (M g [1] \T). As T as codimension 3, this extends 

— 1/2 

uniquely to an element of Pic a i g (M s ' [1] ) . To compute the first Chern class of this 
line bundle, note that 

7T\(L*) — 7r*(L*) — i? 1 7T*(L*) 

— '1/2 

as virtual sheaves on M ff [1], but the isomorphism L* = T*T,®L and Serre duality 
shows that R lr K*{L*) = (tt»(L*))* and so m{L*) = tt,(L*) - tt»(L*)*. Taking first 

— 1/2 

Chcrn classes (over M 9 [1] \ T, where tt*(L*) is a bundle) gives 

2-c 1 (^(L*)) = A- 1 / 2 , 

which is 2/i — 12A 1 / 2 rationally. Thus Ci(7T*(L*)) = fi — 6 A 1 / 2 modulo torsion, and 
as we saw above the generator A + 4/i of the torsion subgroup is already known to 
be in the image, as is A 1 / 2 . Hence /i is too. □ 

This lemma implies that c\ : Pic a i g (My r ) — > H 2 {M l J r ]2,) is surjective for all 

1/2 

even r, and hence an isomorphism, as the missing class /i is pulled back from M g . 
The commutative diagram (|6.2[) implies that the same is true for Mj^. 

Appendix A. A calculation in homotopy theory 
In this appendix we compute the first Chern class of the K-theory class 
qoo^-i . C2°°S~ 2 ~ n 2 Q(S°) — ► n°°K -ZxBU, 

which completes the proof of Proposition ^. 31 As fl 2 C2 = c\ under the Bott equiv- 
alence, this the same as computing the second Chern class of the unit Q(S°) — > 
Z x BU, and then computing its double loop class. 

In order to do this, we make use of the fact that the fibrations of infinite loop 
spaces 

Q^S° — > Q S° — > K(Z/2, 1) 

and 

CLoQS — > n{Q^P) — > K(Z/2, 1) 
are split as fibrations of spaces: a proof of this fact appears in [51 Lemma 7.1]. 

We will first treat the 2-torsion. We may write down a canonical basis for the 
F2-homology of QqS°, in terms of Dyer-Lashof operations, and we include this 
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information up to degree four in Figure [SJ From this description we are able to 



QHW) * [-2]- 



-Q 2 ([i])*[-2] 
(OHM)* [-2])^! 



gs ( [l]) * [-2] - Q 4 ([l]) * [-2] 

-Q 2 QHW) * [-4]* v^(Q 2 ([l]) * [~2]) 2 

^ Q 2 ([l]) * QH{1]) * {-4]J Q 3 ([l]) * Q*([l]) * [-4] 

(QHW) * [~2]) 3 4^^ qVtM) * QHW) * [-6] 
" — O'di]) * OHW)" * [-6] 

(QHm)*i-2]r 

Q 3 QH[i])*[-4] 

Figure 5. F 2 -homology of QoS° up to degree four. All the arrows 
denote primary Bockstein operations, except the indicated sec- 
ondary operation. The primary operations follow from the Nishida 
relation f3Q b = (b — l)Q b_1 , and the secondary operation follows 
from the formula of |H Lemma 4.11]. 

calculate the 2-local homology of QoS° up to degree three, which we give in the 
following table. 



i 
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2 3 
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H*(Q S°;W 2 ) 


F 2 F 2 


n n 




H*{Q S°;Z {2) ) 


Z (2 ) Z/2 


Z/2 (Z/2) 2 © 


Z/4 - 



Using the splitting of spaces QoS° ~ K(Z/2, 1) x QqS°, the known homology of 
K(Z/2, 1), the Kiinneth theorem and the universal coefficient theorem, we are able 

to compute the homology of QqS° up to degree three, and so its cohomology up to 
degree four, which we give in the following table. 





F 2 ) 


F 2 





F 2 


F| 


¥l 




Z(2)) 


Z (2) 





Z/2 


Z/4 






2(2)) 


z (2) 








Z/2 


Z/4 



The universal cover QqQS is simply-connected and has second homotopy group 
equal to TT3(QS°) — Z/24. Thus we can compute its 2-local homology up to degree 

two. Using the splitting flQ S° ~ K(Z/2,1) x £l QS a we are able to compute 

the 2-local homology of £IQqS° up to degree two, and hence its cohomology up to 
degree three. 



H*(n QS 
H*(nQ S° 



z 
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z 



Z (2) ) z 
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(2) 
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Z/8 - - 
Z/8 - 






Z/2 Z/8 - 

Z/2 Z/8 



Using the known structure [16] of the homology of Z x BU as a module over 
the Dyer-Lashof algebra, it is not difficult to verify that c 2 reduces modulo 2 
to the dual of the homology class (Q 2 ([l]) * [— 2]) 2 , and so generates the group 

# 4 (Q^S°;Z (2) ) =Z/4. 

We now consider the Serre spectral sequence for the loop-space fibration 



QoS°. 
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We see that the only differentials out of E 2 ^ — Z/8 are to £2,2 = Z/2 and = 
Z/4. By cardinality both of these must be surjective, and in particular 2 6 Z/8 = 
-Eq 3 transgresses to a generator of E 2 — Z/4. Thus the loop of a generator of 

H 4 (Q S°;Z(2)) gives twice a generator in H 3 (SIQ S°; Z( 2 )). 

By our calculations i/ 3 (f2(2o<S' ; Z 2 )) — ► H 3 (£IqQS°; Z( 2 )) is an isomorphism. 
Consider the Serre spectral sequence for the loop-space fibration 

and our calculations show that the transgression 

r : H 2 (n 2 QS°; Z (2) ) — > H z (ShQS»- Z (2) ) 

is an isomorphism. Hence it follows that f2 2 c 2 is twice a generator in iJ^r^QS' ; Z( 2 )). 

The 3- local calculation is of course much easier. By [TU Theorem 22], we have 
that Q 1 ([l]) * [—3] G i/4({0} x BU; F 3 ) is the linear dual of the second Chern class, 
and hence the unit QqS° — > BU pulls back the second Chern class to the linear 

dual of Q 1 ^!]) * [-3] 6 H a {QqS°; F 3 ). As the splittings of Q S° and ft(Q^S°) have 
factors which are trivial 3-locally, the situation is drastically simpler. It is easy to 
see that 
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Z(3)) 


Z( 3 ) 








Z/3 





H*(Q Q S° 


Z(3)) 


Z( 3 ) 











Z/3 



and that the second Chern class generates H 4 (QqS°; Z/ 3 )). Hence it's second loop 
class generates ^(Ci^QS ; Z( 3 )) = Z/3 as well. 
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